Because of the limitation of the long-range detection capability of airborne sensors, it is very difficult for a single interceptor to achieve accurate mid-course guidance, especially for the long and medium range interceptors, and the maneuvering or invisible targets. As one of the solutions, the strategy of multi-interceptor cooperative intercepting can overcome the shortages of single-interceptor. Unfortunately, the existing mid-course guidance laws can't meet the requirements of cooperative intercepting strategy. To solve the problem, a novel cooperative mid-course guidance law is proposed in this paper by combining the traditional trajectory shaping guidance law and the cooperative parameter. Firstly, the cooperative midcourse guidance law is designed, and consensus of cooperative parameter characteristics is proved then. Secondly, the general expression of cooperative parameter and its convergence speed is analyzed. Finally, numeral simulations demonstrate the effectiveness and advantages of the proposed cooperative mid-course guidance law.
I. INTRODUCTION
For the long-range and medium-range interceptors, it is difficult for interceptors to lock and intercept a maneuvering and invisible target by its own seeker, especially to complete mid-course guidance task successfully due to the limitation of the long detection capability. Because of the limitations of the interceptor's own seeker, it is impossible to establish dynamics of the angle of the line-of-sight(LOS) during the mid-course guidance phase. Therefore, multiinterceptor cooperative intercepting targets can overcome the shortcomings of single interceptor intercepting target. For medium or long-range interceptor formation, the cooperative guidance phases are divided into formation organization, cooperative mid-course guidance and cooperative terminal guidance, and each phase is connected successively. The main task of the mid-course guidance phase is to ensure single interceptor to reach the mid-to-terminal handover area successfully. Because it is not available for interceptor to get The associate editor coordinating the review of this manuscript and approving it for publication was Ming Xu . the target trajectory information accurately through its own seeker during the mid-course phase, there must exist the handover miss. In order to keep the higher probability of the midto-terminal handover, the handover area must be enlarged, which leads to the reduction of hitting probability of single interceptor. Therefore, it is needed for multi-interceptors to intercept a target cooperatively.
Due to the importance of the cooperative attack, in the last decades, many kinds of guidance schemes have been reported to achieve this objective in several studies. An initial effort in the field involves the impact time control, which guidance laws are derived based on a common predesigned impact time of each interceptor for ensuring interceptors to arrive at the target at the same impact time. Jeon et al. [1] designed an impact time control guidance law (ITCG) based on linear system. Later, Lee et al. [2] introduced an extension of the ITCG guidance law to control both the impact time and the impact angle. In [3] , Y.A. Zhang et al. investigated the impact time with the impact angle constraint based on the interceptor's normal acceleration, thus the proposed guidance law can be easily implemented. Because there is VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ no information exchange between the interceptors, no real coordinated operation is achieved. In order to overcome the above drawback of cooperative guidance structure schemes, cooperative homing guidance has been examined extensively in recent studies, where interceptors perform in a cooperative fashion by communicating with each other to synchronize the impact time [4] . Jeon et al. [5] applied a cooperative proportional navigation for many-to-one engagement, in which the difference between the time-to-go of each interceptor and the average of times-to-go of other interceptors were used as the parameters of the proportional guidance coefficients to adjust the flight trajectory. Harrison [6] further considered the cooperative guidance law design problem with an impact angle constraint. Wang et al. [7] used a leader-follower coordination strategy to design the cooperative guidance of multiple anti-ship interceptors with arbitrary impact angle constraint under arbitrary time-varying communication topology. Furthermore, a coverage-based cooperative guidance strategy was proposed in [8] against highly maneuvering target. Shaferman and Shima [9] presented a cooperative guidance law and the filter used is a nonlinear multiplemodel adaptive estimator, in which each model represents a possible guidance law and guidance parameters of the incoming homing interceptor. Another study in [10] presented nonlinear guidance strategies using sliding-mode control technique with relevant zero-effort miss variables as switching surfaces. For reduction of sensitivity against timeto-go, an additional zero-effort velocity switching surface was proposed. It should be noted that the guidance laws presented in [5] - [10] were developed for a two-dimensional engagement, leading to a relatively unexploited issue of three-dimensional salvo attack. For the three-dimensional cooperative guidance problem, authors in [11] integrated a coordination component for simultaneous arrival based on time-to-go estimation with the classical PNG to realize salvo attack against both stationary and maneuvering targets. Subsequently, finite-time stability theory was introduced in [12] to realize impact-angle-constrained three-dimensional salvo attack of multiple interceptors. Wang and Lu [13] designed normal accelerations for ensuring all interceptors flying along a desired line of sight (LOS) after a given time, which results in the hit-to-kill interception at the designed impact angles. It is noted that the cooperative guidance laws in [1] - [13] are all only suitable for the cooperative terminal guidance phase. At present, in the study of the mid-course guidance law of single interceptor, there are many researches on the trajectory shaping guidance law [14] . In [15] , a bearings-only information based guidance law was given as a prospective solution for the desired impact angle in the operation range of seeker. Reference [16] developed a novel near-optimal spatial midcourse guidance to the predicted interception point under a terminal angular constraint.
With respect to cooperative mid-course guidance, there are relatively few existing studies. In [17] , aiming at the best allocation plan, a cooperative mid-course interceptor guidance law was proposed by using Earliest Intercept Geometry (EIG) concept and the optimal control theory for area air defense. Even so, cooperative mid-course guidance law for multiple interceptors is still an uncompleted area. However, cooperative mid-course guidance is essential and indispensable for the long and medium-range interceptors. Therefore, a novel trajectory shaping guidance for mid-course cooperation is investigated as the main contribution of this paper.
The remainder of this paper is organized as follows: In Section II, a few preliminaries and problem formulation are given. Section III presents the details of the cooperative trajectory shaping mid-course guidance law. Simulation results are given in Section IV. Finally, conclusions are drawn in Section V.
II. PRELIMINARIES
In this section, a few preliminaries are given. The threedimensional engagement geometry of an interceptor and a target is first introduced, and the detailed description of the cooperative mid-course guidance problem is given. Subsequently, the trajectory shaping guidance law for an interceptor is illustrated.
A. DYNAMICS
In Fig.1 , an engagement scenario in 3-D plane between a interceptor and a maneuvering target is considered, where (X I , Y I , Z I ) represents the inertial frame; M and T represent the interceptor and target, respectively; r denotes the relative range between the interceptor and the target or the so-called range-to-go; V m and V t represent the velocities of the interceptor and target, respectively; the terms γ m , γ t , ϕ m and ϕ t are Euler angles in the inertial reference frame, whereas the angles θ m , θ t , ψ m and ψ t are defined in the lineof-sight frame; ϕ L and γ L are the line-of-sight (LOS) angles in the inertial reference frame.
Since the seeker of the interceptor can't observe the target in the mid-course guidance stage, it is impossible to obtain the line-of-sight angle information, and naturally to establish dynamics of the LOS angel between the interceptor and the target in the mid-course guidance stage. And the change in the LOS angle and angular velocity of LOS obtained through position conversion in the mid-course guidance stage may be very small, so that the guidance effect based on the angular velocity of LOS is too small to reflect. This is why the guidance law based on the LOS angle in the terminal guidance stage of the interceptor cannot be used in the mid-course guidance stage. Based on the above background, this paper studies the cooperative mid-course guidance law of multiple interceptors.
B. PROBLEM STATEMENT
As shown in Fig.2 , for medium or long-range interceptors, in order to attack the target from different angles at the same time, it is necessary for interceptors to cooperatively fly and reach the handover area simultaneously or almost simultaneously in the mid-course guidance phase, so that good initial conditions for the terminal guidance phase are provided.
If only the coordination of the terminal guidance phase is considered, the task of hitting the target cooperatively cannot be guaranteed, because bigger differences between the initial conditions of the interceptor's terminal guidance phase can't be reduced in a very short time. For example, when two interceptors are required to intercept the same target at the same time, one has been in the terminal guidance phase, and its relative distance from the target is lower than 15km; the other has still been in the mid-course guidance phase, and its relative distance is more than 30km. In this case, it is difficult for the two interceptors to complete the cooperative attack task simultaneously, because the basic conditions of cooperative terminal guidance (smaller differences between the initial conditions of interceptor's terminal guidance phase) aren't satisfied. Therefore, the cooperative mid-course guidance law is crucial for hitting the target simultaneously. Obviously, the goal of the cooperative mid-course guidance law is ensuring that the time-to-go of each interceptor almost equal while arriving at the handover area.
Multi-interceptor communication network graph can be divided into centralized and distributed one. As shown in Fig.3 , a centralized communication network requires each interceptor to receive the cooperative information from the other interceptors of the formation. Based on the cooperative information, each interceptor can calculate the cooperative guidance law based on the cooperative information of multiple interceptors in real time. This paper only focuses on the cooperative mid-course guidance law on centralized communication network graph.
The impact time t i (i = 1 . . . n) of the ith interceptor M i can be expressed as follows
where t goi is the time-to-go of M i , n represents the number of all interceptors. Suppose t F is the final time when multiple interceptors reach the target, we have
It can be seen from Eq.(2) that t i (i = 1 . . . n) can also achieve consensus if t goi (i = 1 . . . n) can achieve consensus. In practical guidance process, the change of the interceptortarget radical velocity is relatively small, so t goi (i = 1 . . . n) can be estimated by the following equation.
where r i (i = 1 . . . n) denotes the relative distance between the ith interceptor and the target. Therefore, the goal of cooperative mid-course guidance phase is ensuring that the following expression holds
The trajectory shaping guidance law is derived based on the zero-effect miss distance and the optimal theory in the lineof-sight coordinate frame, which can be expressed as [14] .
whereV f can be given as
x T (t) − x(t) represents zero-effect miss distance, V T (t) and V (t) present the velocities of the target and interceptor, respectively. t go indicates the time-to-go of the interceptor, and a T (t) presents the acceleration of the target. In the lineof-sight coordinate frame, comparing with the traditional proportion guidance law, the trajectory shaping guidance law can set the final the heading angel intercepting target in advance. The trajectory shaping guidance law has good effects on both fixed and maneuverable targets. However, during the mid-course guidance phase of medium or long-range interceptor, due to the lack of the information from the seeker of the interceptor, it is difficult to establish the dynamics between the interceptor and the target in the LOS coordinate frame. Therefore, motivated by the form of the trajectory shaping guidance law, the dynamics combining the position information of the interceptor with the target in the inertial coordinates can be obtained in the midcourse guidance phase, and a cooperative trajectory shaping mid-course guidance law in the inertial coordinate frame is proposed. The three-dimensional dynamics of the interceptor in inertial coordinate frame can be expressed as
where, V x , V y and V z represent the speeds of the interceptor on the X, Y and Z axes, respectively;a x , a y and a z denote the accelerations of the interceptor on the X, Y and Z axes, respectively.
Specifically, dynamic constraint and boundary conditions are given as follows (9) whereV fx ,V fy andV fz determine the final speed differences between the target and the interceptor. According to Eq.(5), we have
Eq.(10) represents the acceleration components of the three-dimensional trajectory shaping guidance law on the X, Y and Z axes in the inertial coordinate frame, respectively. Since the expression form of the cooperative mid-course guidance law are same on three axes, we only discuss the acceleration on the X-axis in the following.
Remark1: In the mid-course guidance phase, the interceptor mainly relies on the target information detected by the external detector to guide. Considering that the change of the angle of LOS in the mid-course phase is small, and the information of the target from the seeker of the interceptor cannot be obtained directly, Eq.(10) represents the trajectory shaping guidance law with target information from external sensors in the inertial coordinate frame.
III. COOPERATIVE TRAJECTORY SHAPING MID-COURSE GUIDANCE LAW DESIGN
In this section, the detailed derivation process of the cooperative trajectory shaping mid-course guidance law and proof of consistency are presented.
A. COOPERATIVE TRAJECTORY SHAPING MID-COURSE GUIDANCE LAW SCHEME
As shown in Fig.4 , in the inertial frame, the cooperative trajectory shaping mid-course guidance law on X axis, combining the general form of the trajectory shaping guidance law with cooperative parameter, is designed. At the same time, in order to better realize the impact time coordination in the terminal guidance phase, the cooperative trajectory shaping mid-course guidance law takes the average value of the positions of the virtual interception points of all interceptors as the position of the virtual target point. With the help of the cooperative parameters in the cooperative trajectory shaping mid-course guidance law, all interceptors can reach the midto-terminal guidance handover area at the same time in a specified time.
B. COOPERATIVE TRAJECTORY SHAPING MID-COURSE GUIDANCE LAW DESIGN
Predicting effectively the position of the virtual interception point between the interceptor and the target can improve the performance of the terminal guidance for intercepting the maneuvering target, and reduce the influence of the target maneuvering on the guidance law. The prediction of the position of the virtual interception point can be given as (11) where, x d i (i = 1 . . . n) represent the coordinate of the position of the virtual interception point for the ith interceptor; x T denotes the coordinate of the target position and V T indicates the speed of the target on the X axis. Based on the trajectory shaping guidance law, the cooperative trajectory shaping midcourse guidance law on the X axis is assumed as
whereV fxi is given as
V Tx (t f ) denotes the terminal speed of the target; V xi (t f ) represents the terminal speed of the ith interceptor; andx d indicates the average value of the positions of the virtual interception points of multiple interceptors, which can be expressed asx
where n represents the number of all interceptors. P is an undetermined cooperative coefficient to be figured out. P x d i −x d (i = 1, 2, . . . , n) as cooperative parameters can guarantee that all interceptors can reach the mid-toterminal guidance handover area at the same time.
C. COOPERATIVE MID-COURSE GUIDANCE CONSISTENCY ANALYSIS
When the residual error (x d i (t) −x d (t))(i = 1, . . . , n) converge to 0, the cooperative trajetory shaping mid-course guidance law enables all interceptors to reach the mid-to-terminal guidance handover area at the same time, that is
Define the squared residual error as
Theorem1: When the P in Eq.(12) satisfies Eq.(39), the squared residual error Eq.(16) decreases with the time t increasing, the cooperative trajectory shaping mid-course guidance law Eq.(12) ensures all interceptors arriving at the target simultaneously.
Proof: Given the time increment t > 0, then according to Taylor Series expansion, x d i (t + t) andx d i (t + t) are given as follows
Substituting the Eqs. (17) (18) into Eq.(16) and neglecting the high-order terms of t, we obtain
wherex d (t) andẋ d (t) can be expressed as
wheret go can be given as
and x ri , y ri , z ri can be calculated as
Substituting Eqs.(20-21) into Eq. (19), we can get
Furthermore, Eq.(24) can also be expressed as
where,
According to Eq.(3), we can geṫ
Because the second derivative of the position is the accelerationẍ ri which can be calculated as
t goi can also be expressed aṡ
where, E =ẋ 2 ri +ẏ 2 ri + y riÿri +ż 2 ri + z rizri + x ri n xT
From Eq.(27), we can obtaiṅ
Substituting Eq.(31) into Eq.(24), we can get
where J is denoted as
Since Eq. (12) is also rewritten as
Substituting Eq.(34) into Eq.(32), we get
where H is denoted as
From Eq.(36) and Eq.(37), we can get
Suppose that there exists some P such that the right side term of Eq.(38) is less than 0, that is
Hence, we have
Since ε i (t) is monotone decreasing and has a lower bound, Assume that P has the following form,
where p i is a undetermined parameter to be figured out. Substituting Eq.(42) into the inequality (41), we can get
From the inequality Eq. (43), we obtain
Therefore, when if selected p i satisfies inequality Eq.(43),
Finally, all interceptors reach the virtual interception point simultaneously. The proof is completed.
In this paper, we select p i as
where L is a positive adjustable coefficient. Remark2: In general, we can choose p i as follows
Remark3: The larger the value of P is, the faster convergence speed of the cooperative trajectory shaping mid-course guidance law is, also the larger the initial acceleration of the interceptor is, and vice versa.
IV. SIMULATION
In order to illustrate the effectiveness of the proposed cooperative mid-course guidance law, the simulations are conducted in this section. Firstly, the effectiveness of the cooperative mid-course guidance law was verified by the scenario of three interceptors attacking one maneuvering target. Secondly, compare the CPN guidance law [11] with the proposed cooperative trajectory shaping mid-course guidance law. Finally, the influence of the cooperative coefficient P on the convergence speed is analyzed.
A. EFFECTIVENESS OF COOPERATIVE TRAJECTORY SHAPING MID-COURSE GUIDANCE LAW
In this part, suppose that the target has constant velocity V T = (150, 10, 15) m/s, the initial position of the target is (100000, 8000, 1000) m. In Table1, three interceptors have different initial positions and velocities. The mid-to-terminal handover distance is set 20km. Table 1 shows the simulation initial conditions of three interceptors.
In order to demonstrate the advantage of the proposed cooperative mid-course guidance law, the traditional trajectory shaping mid-course guidance law as Eq. (5) is compared with the proposed cooperative trajectory shaping mid-course guidance law in this paper.As a result, two simulations were carried out in this subsection.
Simulation1: the traditional trajectory shaping guidance law (Eq.(5)).
Simulation2: the proposed cooperative trajectory shaping mid-course guidance law (Eq.(12)). Fig.5 and Fig.6 show the trajectories of three interceptors and the target in pitch and yaw channel, where the solid and dotted lines show the trajectories from 20km to 200m, respectively. From Fig.5 , it is clear that different interceptor hit the target in different position. From Fig.6 , three interceptors hit the target in the same position by using the proposed cooperative trajectory shaping mid-course guidance law. From the simulation results we can see that the guidance law in simulation1 can guarantee each interceptor to complete the mid-course guidance task individually, which shows the effectiveness of the trajectory shaping guidance law for single interceptor; the guidance law in simulation2 not only guarantee each interceptor to complete the midcourse guidance tasks but also make all interceptors arrive at the handover area at the same time. It can be seen from Figs. 7 and 8 that three different interceptors arrive at the handover area at different times, but in simulation2, the three interceptors reach the handover area almost simultaneously. Similarly, it can be seen from Fig. 9 that the times-to-go of all interceptors converge to the same value. By comparing the two simulation results, it can be seen that the proposed cooperative trajectory shaping mid-course guidance law can ensure that all interceptors reach the handover area almost simultaneously. Therefore, the effectiveness of the cooperative trajectory shaping mid-course guidance law is verified.
In engineering applications, we usually hope that the required acceleration of the interceptor in the mid-course guidance phase can't be too large. From Figs.10-12, we can see that all acceleration commands in three axes of three interceptors are smaller, which is good for engineering implementation. 
B. COMPARED WITH CPN GUIDANCE
In this section, it is assumed that the medium or long-range interceptor can obtain the line-of-sight angle information by themselves in order to establish a line-based kinematics equation. In this case, the CPN guidance law is simulated and compared with the cooperative trajectory shaping mid-course guidance law proposed in this paper. Assume that the interceptor enters the handover from the target 20km.It can be seen from Fig. 8 and Fig. 13 that the proposed cooperative trajectory shaping mid-course guidance law can better ensure that all interceptors reach the handover area simultaneously compared with the CPN guidance law. Figure 14 and Figure 15 show the acceleration trend of the CPN guidance law in the mid-course guidance stage. It can be seen from Fig. 14-15 and Fig. 10-12 that the proposed acceleration command of the cooperative trajectory shaping mid-course guidance law is smaller compared with the CPN guidance law, which is more conducive to engineering implementation and meets the requirements of the interceptor for the acceleration command in the mid-course guidance phase.
C. CONVERGENCE SPEED
In the proposed cooperative trajectory shaping mid-course guidance law of Eq.(12), the undetermined cooperative coefficient P to be designed affects the convergence speed of x d i tending tox d , which further more affects the convergence speed of t goi of the ith interceptor tending to the desiredt go . It can be seen that P is determined by L from Eq.(45), so the convergence speed of t goi can be changed with choosing different L.
As shown in Figs.16-18, all t goi , i = 1, 2, 3 converge to the desiredt go , moreover, the t goi , i = 1, 2, 3 tend to the desired t go faster with the value L chosen to be bigger. It is clear that from Figs.19-21, the acceleration commands are bigger in the initial simulation stage with L chosen to be bigger. Subsequently, the acceleration commands tend to zero, which means that the existed initial errors between t goi , i = 1, 2, 3 andt go are reduced by the effect of the cooperative mid-course guidance law on X-axis. When a larger L is chosen for faster convergence speed, the bigger acceleration commands are needed naturally to reduce the larger initial errors between t goi , i = 1, 2, 3 andt go .
V. CONCLUSION
This paper has investigated the cooperative mid-course guidance problem for multiple interceptors hitting a maneuvering target cooperatively. Combining the traditional trajectory shaping guidance law with cooperative parameter, the cooperative trajectory shaping mid-course guidance law in the inertial coordinate frame has been proposed, and the consensus of the cooperative parameter has been proved. Furthermore, the convergence speed of the proposed cooperative mid-course guidance can be adjusted by choosing different cooperative parameter. Numerical simulations demonstrate the correctness and effectiveness of the proposed cooperative mid-course guidance law. The future work will attempt to investigate cooperative mid-course guidance law on distributed communication network.
